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Riemannian, Log-Euclidean approaches

Riemannian: Batchelor et al. 2005,
Pennec et al. 2006, Fletcher et al. 2007,
Lenglet et al. 2007

F(t’A’B) — A1/2 (A-1/2 B A-1/2)t A1/2
A Log-Euclidean: Arsigny et al. 2006
F(t,A,B) = exp((1-t)log(A) + t log(B))

Both monotonically interpolate det(D); no “swelling”
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Determinant is only one possible size measure...

Space of Tensor Shape
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Parameterizing Shape with Invariants

K, = mode
tr(D) = Dxx+Dyy+Dzz o Empirically

~  established
ID| = sqrt(tr(D'D))

E = deviatoric(D)
=D - tr(D)*I/3

mode = det(E/|E|)

VK;: VK—Olfz;éj VR;:VR; =0if ¢ #j

« {K}and {R} are orthogonal sets of shape
parameters: their gradients are mutually

orthogonal (Ennis & Kindimann MRM 2006)
e {det(D),?,?} third invariant set?

= Geodesic-Loxodromes monotonically
interpolate {Ki} or {R}




Loxodrome defined

Path ’)’(t) of constant speed and bearing <
Fixed angle with respect to North n(x)

7' (£)] =1 and ~'(¢) - n(y(t)) = « forall ¢

Loxodromes
monotonically
Interpolate
latitude

Geodesic-Loxodrome defined, intuitively

Minimal-length path
between two tensors that
monotonically interpolates

tensor shape




Geodesic-Loxodrome defined, mathematically

Geodesic-loxodrome ¥(t) between A and B is the
Shortest path satisfying:

7(0) :AAa V(Z) = B, ’7/(t)‘ =1, and
~'(t): VJ;i(v(t)) = a; forall t € [0,1],7 € {1,2,3}

VJ;
|V Ji
Constants ¢¢; and [ are path “bearing” and length

where J; = K; or J;, = R; and VJ; =

Monotonic: %Jih(t)) =v'(t): VIi(v(t)) = ai| VIi(7(2))]-

Intersection of isocontours = rotation orbit; geodesic
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Results (2) /R,=FA

Linear

1
b
y ) ) r \ \
) \ \ \ \ \
A \

Riemannian

// | h N N \ \
//

ng-EucIidean

/ “ \ N \ \

G/eo-Lox, R.

_ L\ : \
// ] / /’,‘ /J/ / | ‘ \‘
y // ’/,' | | \
A A A A ’f Z
[ \‘J {/ w'/ ( ] > > \ <«
- - ¢ - \ | - > »

Distance measurement

l
Integrate tangent norm:d(A,B)z/ 1y (t)|dt =1
0

Or, exploit
shape and orientation 7(t)
subspaces: W(t) +(to)

Q. o (i)
w(t) =~'(t) — a(t) ‘% V1 (+(to)
)

b Vi(v(t))
dor(A,B) = [! |w(t)|dt V(o)

shape

o(t)=> ;7 VI (®) V(v (2))
don(A,B) = [/ |o(t)|dt




Distance measurement, Results

Llnear Riemannian Geo Lox dq,

Conclusions, Future Work

« Intuition about orientation and shape mapped to
formulation of geodesic and loxodrome properties

« Structure math of interpolation around established
tensor parameters, not just positive-definiteness

« Tensor Mode (K; = R;) important for shape

« Working on fast approximations

« Need log(), exp() map analogs for multi-linear
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